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SUMMARY

In this paper the quadratic growth curve model with correlated observations is
considered. For a symmetric experimental domain we determine a scale o0 >0 and
a correlation structure V such that the A-optimal design over the time interval
[:1,1 is also optimal over [— Q, OL]. For some correlation structures the design
d ={-,0, o is A- and D-optimal over [— a, OL] . Therefore the second aim of
this paper is to determine an asymmetric experimental domain [0(, B] and
correlation structure V such that the design d = {a, (a+B)/2, B} which is D-
optimal over [OL, B] is also A-optimal.
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1. Introduction

In experiments where some individuals are observed repeatedly in time, growth
curve models are often used. Recently some results on optimality concerning
approximated designs in polynomial models have been published. Luoma et al.
(2001) examined the nature of A-optimal approximated designs in quartic and
cubic regression models with uncorrelated observations and the experimental
domain [0,1]. Mandal (2002) determined optimal approximated designs in
a quadratic regression model on the experimental symmetric domain [—1, 1] and
in an m-factor first-degree polynomial fit model over two extensions of [—1,1]:
an Euclidean ball of radius ~,m and a symmetric m-dimensional hypercube
[— 1, l]m with half side length 1. Liski et al. (2002) presented the theory of
optimal approximated designs in symmetric and asymmetric domains. They
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showed that a general criterion-specific optimal design constructed with respect to
the experimental domain [-1,1] does not lead to the corresponding optimal
design over [O, 1] , obtained by transformation of the experimental domain. Only
the D-optimality criterion enjoys this nice property. The authors studied mainly
univariate polynomial regression models with k degrees of the polynomial. In the
multivariate case, they considered first degree growth curves. In the all papers
mentioned, models with uncorrelated errors were studied. Growth curve models
with correlated observations were analyzed in Moerbeek (2005). She considered
linear, quadratic and cubic growth with autocorrelated errors, and studied the
robustness properties of A-, D- and E-optimal designs over the time interval
[O, 2]. Filipiak and Szczepanska (2005) extended the results of Moerbeek to the
case of nearest-neighbor structure (NN(1)), moving average structure (MA(2))
and unstructured antedependence (UAD(1)). Moreover, they showed that the D-
optimal design does not depend on the correlation structure.

In this paper we consider the quadratic growth curve model with correlated
errors. By adesign we mean an allocation of time points, in which the
characteristics are measured, in the experimental domain [a, B ] We assume that
the first and the last time points are fixed and defined by the ends of the time
interval. We denote a design d by a £rip1e {a, X, ,3? where; x€ (¢, ? ,
@ < . Our aim is to determine such x_that the design d = {a', x,[(is
A-optimal over all designs d = {a, x, } This means that we determine the
design which minimizes the average-variance of the least squares estimator of
regression coefficients.

The aim of this paper is to study the robustness of A-optimality with respect to
the scaling of a symmetric domain for quadratic growth curve models with
arbitrary correlation structures. For a symmetric experimental domain we
determine a scale @ >0 and a correlation structure V such that the A-optimal

design over the time interval [— 1, 1] is also optimal over [— a, o ] For some

correlation structures the design d " ={— a,0, 0(} is A- and D-optimal over

[— a, a]. It is easy to see that O is the average of the ends of the time interval.
Therefore the second aim of this paper is to determine an asymmetric
experimental domain [a, B ] and correlation structure V' such that the A-optimal

design and the D-optimal design are the same, i.e. d = {a,( a+p0)/2, ﬂ}. For

the analysis and the determination of optimal designs we use the Mathematica 5.0
software.

We organize the paper as follows. In Section 2 we introduce some definitions
and notations. We present a polynomial growth curve model with correlated

observations over the experimental domain [a, B ] and over the transformed time
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interval of the form [aa +b,af + b]. For these time intervals we give the forms

of information matrices for estimating the unknown regression coefficients and
we show the connection between these matrices. In Section 3 we give some
optimality results. First we consider A-optimal designs over a symmetric time
interval, and finally we formulate conditions of A-optimality of the design

on{a,(a+ﬁ)/2,,6}, a<p.

2. Growth curve model

Consider an experiment where r individuals are assigned to N units. Suppose
that the same characteristic is measured at g time points in the time interval
[a, B ], which are denoted by #;, j=L2,...,q. Assume that each individual in
the unit is observed once at each time point, and all individuals are measured at
the same time points. By p we denote the degree of a polynomial describing an
individual’s responses at time points on each unit; in every unit the polynomial
coefficients are allowed to be different.
The polynomial growth curve model of such an experiment has the form

Y =ABX',+E, )

where Y is an N X g matrix of observations, the N Xr matrix A is the design
matrix of individuals, the rx(p+1) matrix B is the matrix of unknown
parameters (regression coefficients), the qx(p+1) matrix X, is the design
matrix of time points, and E is an NXg matrix of random errors with zero
mean. We assume that the observations of individuals on the different units
measured at the same time points are uncorrelated, while the correlation between
observations of individuals at different time points is described by the matrix V .
Hence, the dispersion matrix of errors has the form D(Vec(Eﬁz o’VQRI N
where Vec(E) denotes the Ng -dimensional vector formed by writing the
columns of E one under another in sequence, V is aknown gXgq positive
definite matrix, Iy is the N XN identity matrix, and the symbol ® denotes the
Kronecker product.
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In the considered model the design matrix of time points, X 4 » 18 of the form:

1 o tf ..t
2 p

1 ¢, 5 ...t
Xy=|, 2 2 772
2 P
1 P PR 4

Since we assume that the assignment of observations on units is fixed, observe
that the design matrix A does not depend on the allocation of time points and

therefore it is not indexed by d .

If we change the time interval to the form [ac+b, af8 + b] then model (1)

can be rewritten as

Y=ATU',+E,
where
1y u12 uf
1 u, u22 ué’ u; =at; +b,
Ud =, . . ’ .
: i=12,.,q,
1 u, ug ué’
with I=BK'" and U, =X,K,
1 » b* .. pP bP
2 —_
0 a ()ab [p Jabp_2 ( P Jab"_1
K=|. . \U p=2, p-1,
00 0 [p}zp
0

The elements of the inverse of this matrix are of the form:

2)
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-

—1— if i=j
k_ii
_ _1 I‘Hk .
K' 1=<(i)+T2ﬂ if i>j
a
| 0 otherwise.

To determine the optimal allocation of time points we need the information
matrix of a design. Under model (1) the information matrix for estimating the
matrix of regression coefficients, B , has the form

M, = (X', VX, )@ (a'A)

(for more details see e.g. Markiewicz and Szczepariska, 2006). Under model (2)
the information matrix for estimating the matrix I' can be written as

N, =({U, V', )®(A'A).
From the form of the matrix I'" it follows that
N, =(K'®@)M, (K®I).

Since we assumed that in a design each individual is measured at least once,
the matrix A'A is diagonal with the numbers of replications of each individual
on the diagonal. Moreover, this matrix does not depend on the allocation of time
points. Hence to determine optimal design in growth curve model (1) it is enough
to consider the properties of the matrix

Cc,=X,V'x,, 3)
and for model (2)
F,=U0,V'u,.

The matrices C; and F; are the information matrices for estimating the
unknown regression coefficients B and I', respectively, in a univariate
polynomial regression model.

The following relation between matrices C,; and F; holds:
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Fd = K' CdK . (4)

In general, following Liski et al. (2002), optimal designs over a given
experimental domain do not correspond to the optimal designs over the
transformed domain.

Filipiak and Szczepariska (2005) showed that D-optimality of the design does
not depend on the correlation structure. From formula (4) it is easy to see that
such a design does not depend on the scaling and moving time interval. Indeed,
observe

max det F, = max det (K'C,K) = (det K)’ max detC,,
deP de? de®

where D is the class of designs. Following e.g. Moerbeek (2005), the D-optimal
design under the quadratic growth curve model with the time interval [Ot, p ] has

the formd™ = {a,( a+p6)/2, ﬂ}.

In this paper we study the robustness of A-optimality over the scaled time
interval.

We assume that the number of time points, g, is equal to the number of
regression coefficients p +1 in the polynomial growth curve models (c.f. Garza,
1954, Pukelsheim, 1993, Mandal, 2002). Moerbeek (2005) showed that the
efficiency of the design decreases when the number of time points increases.

We are interested in a quadratic growth curve model, so we have g =3 and
p =2. Since we assume that the first and the last time points are fixed and are
defined by the ends of the time interval, the matrix X 4 has the following form:

o2
2, xe(a B).

1 o
Xd=1x
1 B B

*

d =\a x , B overdesigns d ={a, x, #}, xe*(a, B), which minimizes the
trace of the inverse of the information matrix of d . This criterion is equivalent
to minimizing the average variance of the least squares estimator of B .

,In { this paper we are interested in determining an A-optimal design
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3. Results

In this section we determine a scale @ and a correlation structure V such that
the A-optimal design over the time interval [— 1,1] is also optimal over

[— a, a]. In the second part of this section we determine the time interval

[a, Jij ] and the correlation structure V, such that the A-optimal design has the
formd = {a,( a+p0)/2, ﬂ}.

3.1. A-optimal design over the symmetric time interval

The following theorem gives the conditions for the A-optimality of a design in the
quadratic growth curve model with correlated observations over the symmetric
experimental domain.

Theorem 1.
In the quadratic growth curve model with the correlation structure

1 p ps
V=lp 1 py
Py Py 1

where p; € (— 1, 1), i=1,2,3, and V is positive definite, the design
d* ={—a, x*,a} with

. LU0 )0 ) 4o 22)U1- 2 )1 211 )i )
(o1 + P2 =20(1-p2 N1- 1)

is A-optimal for each o >0 if and only if one of the following conditions is
satisfied:

(i) p3=p1+py=1 and py >-py,

(i) py=p, and py>2pf -1,
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Proof. Consider the quadratic growth curve model with time points from the
interval [— 1, 1] and the correlation structure asspmed in the theorem. Then the A-
optimal design has the form d # = {— 1, x*, IE in (5). We are
interested in determining such scale & > 0 that the design d = {— «, x*, ois
also A-optimal. Using the matrix (4) we obtain

. * .
with x given
%

.+.

- (F;‘ )= x*a? lo:z(,o3 +1)- (o5 —1)J+ le(2022 —11503 -D+a*(l-20, -20, - p; )J
204 |x? -1 i

N 2x(054 +1X,01 —pp)+2a" —a*(p3 —1)-2p, - 2p, + p3 +3
20{4(x2 —1)2

4 let)- Pha (o + ) 1430 42t ~1)os |+ 3x2(0 +1)0, - 1) .
¢ a4 (x2 - 1)3

.\ x[2(ar4 + 2X,o1 +p,)+7+50% - (a“ —1),03J+ (a4 + IX,o2 -0 )

a4(x2 —1)3

We want the design d " from the theorem to be optimal, so the last expression in

° * . o .
the point x must be zero. Hence we obtain the condition

4(&“ —1)(01 + 0 =03 =10, - p2) Wi (01, 0,)=0,

where W, (pl , pz) is a non-zero expression for each p; € (-1, 1), i=1,2, and
it holds for each & € IR if and only if '

M) p3=p+tpy=1 or (i) p=p,.

Thus we have shown that under these conditions there exists an extremum at the

. *
point x .
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(i) Let p3 = p; + p, —1. The second derivative of the trace of the inverse of

. * -
Fd in x can be written as

~3t+a* Joy 1oy + 02 =2)° - Wa(01.2)
160* (0 ~1)

with the positive expression W, (0;,0,), 0; € (~1,1), i=1,2, and it can
be observed that this second derivative is positive. Thus we have obtained the
minimum in x .
From the positive-definiteness of V we obtain p, >—p;.

(ii) Let p; = p,. The second derivative of the trace of the inverse of F; in

* .
X can be written as

7-80,+p3 +a*(5-4p - p3)

a4

Under the assumption of positive-definiteness of V, i.e. p3 > 2p12 -1, the
positivity of the second derivative can be observed. Hence we have a minimum at

. *
the point x . L]

Remark 1. In case (ii) the A-optimal design reduces to the form
d ={-a0,a} |

Remark 2. If neither condition (i) nor (ii) holds, the design d = {— o, X , & } is
A-optimal if and only if o =1.

Now we give some examples of correlation structures which satisfy the
conditions of Remark 1 and Remark 2. More details about the given correlation
structures can be found in Zimmerman and Nifiez-Antén (2001) or Filipiak and
Szczepanska (2005).

Example
a) For the following correlation structures:
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1 p O
- the nearest neighbor structure NN(1): V={p 1 p]|,
0 p 1
1 p p?
- the first-order autoregression AR(1): V=l p 1 p |
o’ 1
1L p py
- the second-order moving average MA(2): V = 1 p
P2 P 1

the A-optimal design has the form d" = {— a,0,a }
b) For the unstructured antedependence UAD(1):

L p pip;y
V= p 1oy |,
PPy Py 1

. . . * * . * . .
the A-optimal design is of the form d = {— L,x, 1} with x given in (5).

3.2. A-optimal design of the form {a, @ ; g , ﬁ}
In this section we give the form of correlation structure V and the time interval

[a, B ], for which the design d" = {a, QTW, ﬂ}, a < [, is A-optimal under

the quadratic growth curve model.

Proposition 1. In the quadratic growth curve model with correlation structure
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Lo po
V=lp 1 p|
Py P 1
where p; € (—1,1) and 2p12 —1< py <1, the design d’ ={a, a+’6,,6‘} is A-

optimal ifand only if f=-2a or B=—-a (a< f).

Proof. Consider the quadratic growth curve model with V given in Proposition 1
and the time interval [a, B ] Then the information matrix C; has the form (3).

The first derivative of the trace of the inverse of the matrix C, in z” = ot b

2

of the form

s26+a*8+al2+ 2o, 1)
(o )*

It is easy to see that it is equal to zero if and only if =2 or f=-a.
The case f=—a, a < f, is proved in Theorem 1(ii).

Let f=-2a, a < f3. Then the second derivative in 7~ = = +h_ —% is of the

2

form

94_[0{4 (140, +50, —=19)+ a?(8p - py —7)+ 801 — P2 “7]
729¢°

Since the expression in square brackets is negative for each p; € (— 1,1),

i =1,2, we have a minimum. ]

Example. For the correlation structures NN(1), AR(1) and MA(2), the design
d = {a, —%, —20:} is A-optimal.
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